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SUMMARY

fn!REsms

A retiew of experhents on bitial alternating stresses and simple
ca?ibinationsof static stress with alternating stress is shown to lead
to a general criterion for the effect of static stress on the permissible
amplitude of alternating stress. The proposed criterion is then shown to
agree with results from tests that have been performed under more complex
stress states. Tests were performed to determine the effect of static
compression on alternating torsion, the one simple combination that had
not been previously investigated. These results also agree with the
criterion. It is shown that Orowan’s theory of fatigue can be modified
to predict the observed effect of mean stress on the permissible ampli-
tude of alternating stress.

INTRODUCTION

Many machine parts and structures must withstand conibinationsof
alternating and static stresses. A precise knowledge of the manner in
which alternating and static stresses combine to cause failure is neces-
sary to permit design for the”desired strength without.using excessive
material, because it is often necessary to minimize the tiertial forces
of moving parts, the weight of psxts to be lifted, the size, or the cost.
The existing criteria do not take full advantage of the strength of the
materials. These criteria are discussed after the experimental results
are presented in order that they may be compared. Not only is an accu-
rate design criterion essential, but the nature of the mechanism within
the material that leads to fatigue failure may be revealed if the varia-
bles are isolated and the functional relations between them are estab-
lished. Therefore, experimetial evidence is analyzed for the purpose of
obtaining a design criterion and insight into the mechanism of the fatigue
failure.

It is necessary for experimental investigatorsto simpMfy the fluc-
tuating stress in such a way that parameters can be identified and their
influence on the behavior observed. A brief examination of the general
fluctuating stress state will illustrate its complexity and reveal the
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extent of the simplification. A stress can be described by three princi-
pal components and their directions as arbitrary functions of the, but
such a general time description is not smenable to identification of
parameters. However, if only periodic functions of simple shapes are
considered, the description is simp~fied to an alternating stress super-
imposed upona static stress, thus reducing the description to:

(1)

(2)

(3)

(4)

(5)

(6)

The

(1)

(2)

(3)
of-phase

Three numbers to designate the principal components of the
static stress

Three numbers to give the amplitudes of the alternating
principal stress componetis

Two numbers to give phase relations between the alternating
stress components

Three numbers to give the space orientation between the static
and alternating stress components

The three frequencies of the alternating stress components

A description of the shape of the periodic function

stress states considered in this investigation are limited to:

Biaxial or uniaxial.static stress

Biaxial or uniaxial alternating stress

Alternating stress components that are either inphase or out-
(two components are out-of-phase if one of them reaches its

maximum tension at the time when the other reaches its maximum compression)

(4) A space orientation between the ;tatic and alternating stress
components that is independent of time

(5) me same freWencies for both of the alternating components
(which are in a range where the effect of the frequency is negligible)

(6) periodic functions of approximately sinusoi~ shape

Considering the effects of the biaxial instead of the triaxial state
of stress is not such an oversimplificationas it may at first seem to
be. Most fatigue cracks, in fact, begin at the surface of machine parts
where a b=al state of stress exists. These cracks are initiated at
the surface instead of in the interior of the part because
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(1) Many parts are stressed by bending and torsion in which the “
highest stresses occur at the surface.

(2) Surface stress may be increased by the presence of “stress con-
centrations,” for example, scratches, roughness, and notches.

(3) Some investigators of fatigue believe that the crystalline
grains that form the surface of a metal are inherently weakr under
stress because their deformation is not confined by the presence of

adjoining grains on the one side.

Experiments in which the stresses have been restricted in the above
manner are examined to see how the alternating stresses combine to cause
fatigue failure and how the permissible range of alternating stress is
affected by the static stresses. Khowledge of the effects of even simple
stress systems is useful for design and may possibly be exkended to more
complex systems or may reveal something of the mechanism of the fatigue
phenomenon.

Experiments on the behavior of materials subjectedto various com-
binations of alternating biaxial stresses are considered first. After
the effects of the alternating stresses have been established, experi-
ments are examined to see the effect of the static stresses superimposed
upon the alternating stresses. Experiments byGough (ref. 1), inwh.ich
various combinations of alternating torsion and bending were used, are
examined, for they are extensive and agree with those of other investi-
gators (refs. 2 and 3). The principal stresses from combined bending
and torsion are always out-of-phase; that is, one stress reaches its
greatest tensile value as the stress orthogonal to it reaches its great-
est compressive value. Sawert’s tests (ref. 4) are the only ones lmown
to the author in which various combinations of alternating inphase
stresses have been obtained. The ratio of the pure torsional fatigue
strength to the pure bending fatigue strength is also indicative of the
mechanism of failure and the ratios obtained by Gough for 14 materials
are examined.

%Jnpublished test results of the Douglas Aircraft Company show that
the fatigue strength of axially stressed specimens is improved about
25 percent by shot peening. It should be noted that the stress under
axial loading is the same at the interior as at the surface and that
peening affects only the surface. If the unpeened surface and the inter-
ior had equal strength, the shot peening would have no beneficial effect
because the failure would occur in the interior at the same stress at
which failure starts on the untreated surface. However, the peening did
improve the fatigue strength of the axial specimens; therefore, the sur-
face must be weaker in fatigue than the interior by at least the amount .
of the improvement.
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Next, the results of various simple combinations of static stresses
and alternating stress are examined to see in what manner static stresses
influence the permissible alternation of stress for a given cyclic life.

A stress criterion for failure is proposed and compared with the
experimental results for the combined alternating stress and simple com-
binations of alternating and static stress. This criterion is then com-
pared with results from tests using more complex combinations of stress
that have been petiormedby GoL@ (ref. 1), Ro% and Eichinger (ref. 5),
and Maier (ref. 6).

The research described in this report was conducted in the Department
of Engineering, University of California, Los Angeles, under the sponsor-
ship and with the financial assistance of the National Adtisory Committee
for Aeronautics.

The author wishes to acknowledge the many contributionsto the devel-
opment of the analyses made by Professor D. Rosenthal of.the Department of
Engineering, University of California, Los Angeles. Professor. T.
Griggs of the University of California, ks Angeles, Department of
Geophysics and Professor P. W. Bri@nan of Harvard University, drawing
from their high-pressure studies, have made helpful suggestions on the
effect of static stress on fatigue.

SYMBOLS

b

f

N1JN2

PIJ’2YP3

PljP2~P3

q

s+y>sz

t

~pu2)u3

reversed bending fatigue

amp13tude of alternating

strength

normal stress caused by bending

static normal stresses on planes of maximum alternation of
shear

principal static stresses, ordered P1>P2 > P3

amplitudes of alternating principal stresses, ordered

P1>P2>P3

amplitude of alternating shear stress caused by torsion

static orthogonal normal stresses

shear fatigue strength determined by reversed torsion test

alternating orthogonal normal stresses, which ar”ethe
principal stresses when ordered
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T shear stress

Subscripts:

crit critical

m mean

max

minhmm

Ott octahedral

A CRITERICN FOR FAILURE UNDER CCMBINED MXERNATING

AND SUPERIMPOSED SI!ATICSI!RESS

Experiments With Cmnbined Alternating Stresses

Gough‘s tests on combined bending and torsion.- Gough (ref. 1) has
investigated experimentally the interaction of alternating bending and
torsional stresses on fatigue life. A typical interaction curve for a
chrome-vanadium steel is shown in figure l(a). These data agree closely
with the empirical expression that he proposed:

<:.’ ~—=
b’ t’

where

f amplitude of alternation in bending stress

~ amplitude of alternation of shearing stress caused by
torsion

b. fatigue 13mit under reversed bending stress

t fatigue I&nit under reversed torsion

The interaction curves for cast iron have a different character-
istic shape; a typical exsmple is presented in figure l(b).

Sawert’s cmbined-stress tests.- The experimental difficulties
involved in applying biaxial reversed stresses in different combinations
in fatigue tests were overcomeby Sawert (ref. 4). He applied an
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alternating normal stress to a series of differently shaped specimens,
each shape calculated to develop a certain desired biaxiality of stress.
His results for an annealed low-carbon steel are shown in figure 2. .

The coordinates are the alternating longitudinal stress and the
alternating transverse stress made nondimensional by division by the
uniaxial fatigue strength. The plot for tests on chrome-vanadium steel
appears very much like that for the low-carbon steel.

Gough‘s tests on bending and on torsion.- Another indication of the
stress criterion can be determined from the ratio of reversed torsional
fatigue strength to reversed bending fatigue strength. Gough’s data,
taken from page 37 of reference 1, are listed below for several.materials:

Msx. shear stress in torsion test
Material

Max. shear stress in bending test

O.1-percent-carbon steel
(normalized) 1.13

0.4-percent-carbonsteel
(normalized) 1.25

O.A-percent-carbonsteel
(spheroidized) 1.135

0.9-percent-carbonsteel
(pearlitic) 1.37

3-percent-nickel steel 1.20

3/+-percent-~ckel steel 1.20

Chrome-wmadium steel 1.20

~-percent-nickel-chromium steel

(normal impact) 1.305

+-percent nickel-&romiumsteel

(low impact) 1.27
Nickel-chromium-molybdenumsteel

(60/70 ton) 1.a3/l.17
Nickel-chromium-molybdenumsteel

(75/80 ton) 1.04
Nickel-cbrmnium steel

(%/105 ton) 1.175
“Silal” cast iron 1.82
“Nicrosilal” cast iron 1.67

— . —— ——
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Comparison of Behavior Under Alternating

With Static-Failure Criteria

Gough and Sawert used different coordinates to

7

Stresses

plot their test data
for the effect of different combinations of alternating stress. The data
should be presented in the same manner in order that the relation between
the two sets of data can be seen. The presentation that has been used
for failure from combined static stresses will be examined for the purpose
of selecting common coordinates. Some relations that have been proposed
for predicting the failuxe of materials from a single application of load
will be e~ed to see whether they have any agreement with the test
results obtained from repeated applications.

As mentioned previously, any stress state can be described by the
three principal stresses

‘1’ P2J and P . The criteria for failure can
3

be eqmessed”as functions of the ptincipal stresses. When the value of
the function exceeds a certain critical value, failure is predicted; con-
versely, if the value remains less than the critical one, no failure is
to be expected.

Mathematically expressed, if
( )

F p.1>p2)p3 >Fcrit, then failure

occurs.

To see what criterion of failure is most nearly satisfied, it wilJ
be convenient to have the
Sawertts data, as plotted
curves of Gough will have

( )at the surface p2 = O ,

bending mmnent and q is

data plotted as functions of the normal stresses.
by him, are in this form, but the interaction
to be transformed by the following relations:

where f is the tensile stress caused by the

the shear stress caused by the twisting moment.
The transformed data are plotted in figure 3. Point 1 is for the fatigue
strength under pure alternating bending; point 2 is for pure alternating
torsion. The range of biaxiality that canbe obtained by combined bending
and twisting is limited to the lower quadrant. The mean stress for these
tests was zero; thus the tensile stress changes to compressive and the
transverse compressive stress, to tensile on the reverse part of the
cycle.

—
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.

Several criteria for the failure of polycrystdline solids from
static loads may now be examined to see what correlation exists between
these criteria and the fatigue-test data of Sawert and Gough presented
in figures 2 and 3.

The properties of materials and the conditions under which they are
tested may differ ~eatly, and, also, failure may be considered to occur
when there is either excessive plastic deformation or rupture. These
factors cause the results of a particular static test to agree more
closely with one criterion than with the others; therefore, several.
criteria have proved to be useful in the static case. The criteria are
presented as functions of normal stresses which become the principal
stresses P

1’ P2) and P
3 (

when properly ordered Pl > P2 > P
3)”

Since

the surface of the specimen is the region considered, the principal stress “
normal to the free surface is always zero.

The three most significant stress criteria for failure from static
stresses may be simply described as follows:

(1) Failure may be predicted according to the ~um-normal-stress
criterion whenever the principal stress exceeds a critical value. If

.

‘1 > ‘crit} then failure will occur.

(2) Failure may be predicted according to the msXbmm-shear-stress
criterion when the stress on any plane exceeds a critical value. The
theory of elasticity shows that the maximum shear stress is eqpal to one-
half the greatest difference between the principal stresses, so the

‘1 -P3>Tcriterion can be expressed as follows: If then failure
2 crit’

will occur.

(3) Failwe may be predicted according to the
stress criterion if the following function exceeds
is, if

octahedral-shear-
a critical value, that

$~(p~ - ‘2)2+ (P2 - ‘3)2+ (P1 - ‘3~ ‘TOct-cr~t

One inte~retation of the physical significance of the octahedral-
shear-stress criterion is that it expresses the average of the effects
of slippage on different planes and in differeht directions of all
crystals in the aggregate, with the slip on any given plane being caused
by resolved shear stress on that plane (ref. 7). The con.strafitof ,:
adjoining crystals upon each other is also considered but is a factor of
secondary importance. Postulating that the potential ener~ due to elas-
tic distortion must not exceed a constant value is mathematically equ.iv- ‘&

alent to expressing the octahedral-shear-stresscriterion (ref. 8).

_—._. — __—— -—-



Other criteria of failure have been discussed WJ Gough (ref. 1).

NACA 9

The criteria are superimposed on the test data in figures 2 and 3
so that the correspondencewith experimental results can he examined.
In the upper quadr-=t alJ.three of-the criteria wee fairly well with
the data. In the lower quadrant the data for steel are near the criteria
for nwdmum shear stress and octahedral shear stress, but they deviate
sharply from the criterion for normal stress. There are, however, two
difficulties with the data presented. As iS usual in fatigue testing,
it is impractical to break enough specimens to obtain a good statistical
average, and the extent of “size effect” in Sawert’s work is not lmown,
since his specimens (because of the combined stresses he sought) were
necessarily of various sizes and shapes. “Size effect” describes the
behavior in which material in a large part appears to have a lower
fatigue strength than that in a smaller one (ref. 9). The data for
steel agee fairly well with both the maximum-shear and octahedral.-
shear criteria, but the unavoidable scatter prevents determining which
of these is better satisfied. On the other hand, Gough’s tests on cast
iron come nearer to the criterion for normal stress than to either of
the criteria for shear stress; this behavior is discussed below in
detail.

Another indication of the stress criterion can be seen by exmidng
the ratio of the reversed torsional fatigue strengbh to the reversed
bending fatigue stren@h for Gough’s tests presented in the section
‘fExperimentsWith Combined Alternating Stresses.” The points representing
the two stress states on the principal-stress diagram (fig. 3) are:

(1) Pure benikhg stress, located on the abscissa

(2) Pure torsional stress, located on the line passing through the
origin and bisecting the lower qmdrant

The ratios for the criteria discussed above, as well as for several
,dditionalones, are:

Criterion of failure
Max. shear stress in torsion test
Max. shear stress in bending test

constant maXhmJm shear stress
constant maximum octahedral
shear

Constant total strain energy
constant maximum principal
strain

constant maximum principal
stress

1.0

1.15
1.25

1.56

2.0

..—. .— ..—.-— -.—__— . . .._ .. —.– — ——— —.. .
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Considering the normal scatter of fatigue data, only the first two fig-
ures of the ratios can be considered really significant;these ratios
are plotted in the bar diagram of figure 4, in frequency of occurrence,
in 0.1 divisions. The greatest frequency of failure, consisting of the
ratios for six pairs of tests, is shown to occur between 1.1 and 1.2,
which indicates that the data from these particular tests in the lower
quadrant most nearly satisfy the octahedral-shearcriterion.

The scanty existing data do not give.gmunds for distinguishing
whether the maxdmum-shear-stress criterion or the octahedral-shear-stress
criterion best fits the experimental results. Moreover, the constants
can be chosen so that the two criteria do not differ by more than *8 per-
cent. Both sets of data indicate that alternating shear stress causes
the fatigue damage, the difference being caused only by the degree of
averaging and by mutual constraint of the crystals. On the basis of
present experimental knowledge, then, either criterion canbe justifiably
applied; the only evident choice between them is the convenience of the
mathematical expression in any given case.

The interaction curves for fatigue failure induced by cmibined tor-
sional and bending stresses for cast iron in figures l(b) and 3 and the
ratios of torsional to bending fatigue strength in figure 4 are very
close to w?natwouldbe expected if themmximum principal stress were the
cause of failure; however, the interaction curves for the other metals
investigated lie in the region near the curves for a criterion of maxi-
mum shear stress and that of octahedral shear stress. If this difference
in behavior indicates that in cast iron a
of fatigue failure is operative from that
fundamental metallurgical problem will be
examination will be made in an attempt to
different behaviors.

Microscopic obsemation of cast iron
dispersed throughout the metal. Graphite

completely different mechanism
found in other metals, the
severely complicated. A close
resolm the two apparently

reveals many flakes of graphite
has a modulus of elasticity

much lower tti-that of the surroun&g iron crystals. Therefore, the
flakes of graphite carry very little stress in compression, and because
of their low strength they carry even less in tension. They act, in
fact, like holes in the iron structure. The effect of these flakes can

.
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be seen by considering a simplified model of three holes oriented at
different-anglesas S60WQ beiow:

t

U2

L
1

Sketch 1

When al is applied, regions Al and A2 at the edge of one flake

will be much more highly stressed than any other’region because of the
elastic stress concentration caused by the hole.- Regions B1 ~d B2 wilJ

also be more highly stressed than the average but still considerably less
than Al and%. Regions Cl and C2 around the edge of the flake longi-
tudinal to the applied stress will be stressed even less than the aver-
age for the bulk of the material. The regions most highly stressed by
the transverse stress

a2 ~’= c1 =d C2Y while regions Al and% are

stressed very little. The elastic analysis of cracks oriented at dif-
ferent angles under several combinations of stress is presented in
appendix A. The analysis shows that the sum of the effects caused by
the transverse and longitudinal stresses together at cracks oriented at
angles between that of Al% and ClC2 is less than that caused

by them individually at Al and ~ or Cl and C2, except for the range

of combinations of applied stresses where the trsmsverse stress approaches
a value equal to the longitudinal one and then the conibin.edeffect is
slightly ~eater at one orientation than the isolated individual effects
at other orientations. Thus the greatest damage from the two stresses
is localized at different points, which causes their effects to be
independent. The independence of the effects of the principal stresses
is the essential characteristic of the behavior that indicated that the
principal-stress criterion might be operative; however, the independence
can be explained by the localization of the damage. Thus no evidence
is given as to which of the stress criteria is applicable in the highly
stressed microscopic regions; it could be a shear-stress criterion.

—--z .__ —.—. ___ ———.—. . .—_ _ _
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In all cases examined in which a maximum-normal-stress criterion
best fitted the data, there has been strong reason to believe that flakes
of graphite or other flakelike inclusions were present in the material.
Turner’s tests on Annealed hypereutectoid steel (ref. 10) showed that a
maxhnun-normal-stress criterion was more nearly satisfied than a maximmn-
shear-slxess criterion. Graphite fhkes may well have been present in
the steel he used, for Sisco (ref. 11) mentioned that it was noticed
many years ago that occasionally, in annealing high-carbon steel, free
carbon (graphite) would form. Evidently, too, it would not take many
such flake inclusions to cause the effect, for Thum and Petersen (ref. 12)
studied the effect of graphitic carbon in cast iron on tensile and fatigue
stren@h and concluded that the fatigue strength depends chiefly upon the
notch effect of the particles of ~phit e and that this effect is great
even when Uttle graphite is present, as demonstratedby the fact that
the fatigue strength decreased quite slowly as the amount of graphitic
carbon was increased.

These considerations indicate, then, that, although s~e materi~s ~
particularly cast iron, seem to fill nearly a maximum-normal-stress
criterion, the failure is not necessarily caused by normal stresses;
thus it may have started from damage caused by alternation of shear o
stresses in the highly stressed region at the edge of a flake of graphite.
Therefore, whatever theory explains the fatigue failure in the more homo-
geneous metals may also explain the failure of cast iron and other metals,
which have previously seemed to be exceptions.

Effect of Static Stress Swperhnposed on Alternating Stress

From the above determinationthat test data and shear criteria do
agree, it seems that the ccmponent of the alternating stress field that
causes fatigue damage is the shear stress. To what extent the permis-
sible amplitude of alternating stress depends upon the static stress
must be examined in different stress ccmibinationsin an attempt to iso-
late the component or conibinationof components of the static stress
operative in the relation. Experiments on the influence will be examined:

(1) The effect of static tension on the permissible smplitude of
alternating axial stress and the effect of static compression on the per-
missible smplitude of alternating axial stress (fig. 5)

(2) The effect
alternating torsion

(3) The effect
alternating bending

of static torsion on the permissible amplitude of
(fig. 6)”

of static torsion on the per&sible amplitude of
(fig. 7)

.- —-——
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(4) The effect of static tension
alternating torsion and the effect of
tude of alternating torsion (fig. 8)

13

on the permissible amplitude of
bending on the permissible smpli-

Figure 5 shows the effect of mean axial stress on the permissible
amplitude of alternating EECLalstress for some common materials with

fatigue ldves of 106 to 107 cycles. Quite clearly, the amplitude of
alte&ting stress is decreased by the tensile
increased by the compressive mean stress. The
was not made in order to imply a dependence of
strength but as a convenient way of presenting
curves and yet emphasizing the behavior in the
moreover, Nishihara and Sakurai (ref. 13) have
there is a dependence of the slope on the true

me= stress-and is
choice of coordinates
the slope on the yield
the group of separate
region below the yield;
shown in some cases that
rupture strengkh.

Only by critical selection of the data for the compressive region
was it possible to plot the considerable slope shuwn; if all imestiga-
tions were included, the trend wouldbe horizontal (ref. 14). The
technical difficulties of applying a true axial compressive load are
considerable, and it is likely that uncontrolled bending stresses have
invalidated some tests. Those cited here were chosen because the tech-
~ques em@oyed seemto insure true @al loading.

In Nishihara and-%kurai’s tests, the load was transmitted to the
specimen through an arrangement containing a ball resting on a flat sur-
face. Thus the exact ‘positionof the force was known and it could be
centered accurately on the axis of the specimen.

Newmark and coworhrs (ref. 15) andRo~ and Eichinger (ref. 5) used
specimens with carefully squared ends in attachments that made the
gripping heads remain paraJJ_eland concentric during the stress cycle.
They also checked the axitity by means of electric strain gages.

The rektion is linear in the region where maxbum stress does not
exceed the yield strength. If only fatigue rupture (not yielding) is
considered to be failure, the linear part of the curve has been shown
to extend beyond the yield strength and then to turn sharply to the
abscissa, intersecting it at the point of static rupture strength (ref. 5).

Figure 6 shows the effect of static torsion on the permissible ampli-
tude of alternating torsion. The great number of tests plotted gives
conclusive proof that static torsion has no effect on the permissible
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range of alternation so long as the ~ torsional.stress is below

the yield stren@h.2

Figures 7(a) and 7(b) show the available data on the effect of
static torsion superimposed on alternating bending stresses. From the
few tests plotted, it seems that bending fatigue strength is not affected
until static torsion exceeds the torsional yield strength by almost
50 percent.3

Figure 8 shows the only two tests lmown to the author of the effect
of tensile static stress on the permissible amplitude of alternating
torsion. In one test the tensile stress was produced by bending, while
in the other it was producedby an axial load. The linear dependence
of the smplitude of alternating torsion upon the applied static tensile
stress is similar to that shown in figure 5, which presents the effect
of static axial stress on the amplitude of tial stress.

It was inferred frmnthe agreement of the fatigue tests under com-
bined alternating stresses with the shear-stress criteria that the alterna-
tion of shear stresses causes the fatigue damage and the resultant fail-
ure. The preceding presentation of the effect of different static .

stresses on the permissible amplitude of alternating stress was made in
an attempt to isolate the effective parameters and reveal the functional
relation of the static stress to the permissible amp~tude of alternating
stress. The behavior is summarized in figure 9.

%otting fatigue tests takenat only one mean stress for materials
having different yield strengths could give a deceptive horizontal line
because the abscissa is the ratio of the maximum shear stress to the
yield strength; but examinationof a series of tests on one material in
which the maximum stress was varied appreciably, for example, Ludwik
and Ki-ystof’stests on Siemens-Martin steel (ref. 16) or Moore and Lewis’
tests on duralumin (ref. 17), shows that the observation is a valid one.
and not the result of the choice of the cwrdinate.

3Davies, in a discussion of the paper of Gough and Pollard (ref. 18);
presented some experiments that show that static torsion does influence
the alternating bending strength; these data contradict those of Lea and
and Budgen (ref. 19) and of Ono (ref. 20). The sources of his informa-
tion were the masters theses of Nhhanmi nne (ref. 21) and Huitt (ref. 22)
at the Battersea Polytechnic Institute. Examination of these theses
reveals that their “fatigue strength” was not obtained by fracture of a
series of specimens but was defined as that stress at which nonlinear
deflection occurs under increasing alternating stress. This “fatigue
strength” may be useful in particular designs where nonlinear deflection
can be construed as failure, but it is not the conventional fitigue
strength and should not be compared with that of the other investigators.
Although it was not mentioned, the device used to apply the static tor- .,
sional stress appears inadmrtently to apply a static bending “stress.
This could also contribute to the observed anomalous behavior.

——
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Because the alternation of shear stress seems to cause the fatigue
failure, the static stresses on the planes of greatest alternation of
shear wSKl be exsmined. The planes are identified on the spechens
illustrating the stress state and are shown magnified in the center
column together with the static stresses that act on them (fig. 9).

A simple correlation appears between the sum of the normal static
stresses on these planes aud the variation of the permissible amplitude
of alternating stress. For example, examination of stress state (l),
the effect of tension on the amplitude of shear, shows that, when the
Sum N1 + N2 increases, the amplitude is decreased. When the sum is

zero, as in combination (3), the effect of torsion on the smplitude of
bending, the permissible smplitude of alternating stress is independent
of the static stress.

The sum of the normal stresses on orthogonal planes has been shown
in the theory of elasticity to be inilependentof the orientation of the
planes to the stress field (ref. 23). (The sum is called the first
invariant of the stress tensor.) Therefore, the relation can be expressed
more generally as a function of the sum of any other convenient orthogonal
normal stresses instead of as the sum of the normal stresses on the planes
of maximum alternating shear.

A review of the &ta presented in figures 5, 6, 7, and 8 will show
that a hear function closely approximates the effect of static stress
on the permissible amplitude of alternating stress if the stresses do
not exceed the yield strength. Because of the scatter inherent in
fatigue tests, a higher order of approximation would not be justified.
A general stress criterion maybe postulated that ~ees with all the
above data and with the condxi.ned-alternating-stressdata that were prev-
iously presented. In this expression it is convenient to use the
octahedral shear stress, because it is independent of the orientation
of the orthogonal stress coordinates in the same way that the sum of
the orthogonal normal stresses is. The general criterion combines the
shear criterion for combined alternating stress with the linear relation
of the amplitude of alternating stress to the static stress. This gen-
eral criterion may be expressed as

+ (Pl ‘P3)2+ (P2 -P3)2~A-4SX+~+@

where PI, P2, ~d P3 are the amplitudes of the alternating principal

stresses, & ~, ~d Sz are the orthogonal static stresses, A iS

a constant for the material proportional to the reversed fatigue strength,
and a’ gives the variation of the permissible range of stress with static
stress; A and a are also dependent on the numiberof cycles to failure.

_ —.. . —..——.—.__. . . .— _ .
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The term on the left must not exceed that on the right or failure will
occur before the desired Metime. The amplitudes of the alternating
principal stresses do not have to be ordered pl > p2 > p3 in the cri-

terion because their differences are squared in it.

Two tensile fatigue tests, one with a zero mean stress and the other
with a high positive mean stress (but not so high that the maximum stress
exceeds the yield stren@h), could be conveniently used to determine the
two constants.

Expressed more briefly in terms of the tensor invariant, the square
root of the second stress invariant of the alternating stress is a linear
function of the first invariant of the static stress

J2
1/2 ~B - PJlstatic
alternating

where B and 13 differ from the previously defined A and a by a
multiplicative constant.

.

A ~aphical representation of the criterion for the failure of a
body at a free surface is shown in figure 10. Early paragraphs of this
report give sum reasons why consideration of the surface is of more
interest than consideration of the interior. At a free surface one
principal stress is zero; therefore the criterion canbe plotted on a
two-dimensional space of the other two principal stresses. The more
positi~e the sum of the static stresses, the smaller the ellipse. The
plot appears as a series of “concentric” ellipses, the size of which.is
dependeritupon the sum of the static normal stresses. The shape of the
elJ_ipses(ratio of axes) was fixed by the insertion of the octahedral
shear into the criterion.

Another axis orthogonal to the two of
representation of the criterion when it is
a body. The failure surface in this space

generators having the directional cosines

figure 10 is needed for the
applied to the interior of
is a cylindrical surface with

secting the planes of the axes in the ellipses shown in the two-&hnensional
representation (ref. 24).

Comparison of Proposed Criterion With

Complex Coritdnations

Gough*s tests.- Gough has performed
support the general criterion (ref. 1).

of Stress

some tests that may be used to
The tests were conducted not

—.
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only under different combinations of alternating stress but also under
different combinations of static stress. Specimens of nickel-chromium-
molybdenum steel were subjected to cmibined alternating bending and tor-
sion superimposed on static bending and torsion. The static stress, and
thus the sum of the static normal stresses, was kept constant for each
of the two series of combined alternating stresses shown in figure 10;
therefore, the test results should be expected to fall close to the
ellipses, which are lines of constant sum of the normal stresses. The

data are for failure at 107 cycles of stress.

Gough’s empirical formula fitted the data closely on the original
bending-torsion interaction curves, so it was transformed with the data
to the principal stress plane. The empirical curves appear in the graph
as the dotted .lines. The data as well as the empirical curves are seen
to lie close to the solid elliptical curves which represent the general
stress criterion. Several other tests were given but not reproduced here
because the effect from the smaller values of the static stress used in
those cases couldbe obscured easilyby the considerable scatter of the
data.

Ro%’s tests.- Professor M. R03, at the Swiss Federal Material Testing
~d Research Institute, Zurich, has conducted extensive tests on the
fatigue strength of several materials”under ccmibinedstresses that varied
between no stress and the maximum stresses (ref. 5). The spec~n was a
hollow cylinder in which hydraulic pressure caused a hoop stress, to
which was superimposed a longitudinal stress from an extelmal force.
Some typical results are plotted in figures n(a) and I-1(b). The curves
are for a cyclic life of 106 stress cycles. Other investigators have
found similar results (refs. 25”and 26).

The general criterion was presented as a function of the sum of the
normal static stresses, but it can be transformed to the test variables
used by Ro~. The stress components in this case varied between no stress
and the maximum stress; thus, the static stress components are different
for each combination of the alternating stress and are equal to the
amplitudes of the alternating stresses. The mathematics of the trans-
formation is performed in appendix B. The results are plotted in fig-
ures Xl(a) and n(b) as an eldipse inclined at 45° to the axes and dis-
placed toward the bottom left.

It is seen that the ellipse fits rather closely the test data for
the cast steel and agrees fairly welJ_with those for aluminum.

Maier’s tests.- Still another experiment tends to confirm the pro-
posed criterion. Maier (ref. 6) performed tests by applying hydraulic
pressure to the interior of a cylinder with closed ends so that the
longitudinal stress was equal to about one-half of the circumferential
stress. Longitudinal constraint was applied in some tests to cancel the
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longitudinal stress, so that
The stress cycle was between
RoE’s), thus making the mean
amplitude of the alternating
the constraint had no effect

only circumferential stress was present.
zero stress and maximum stress (the same as
stress (the static stress) equal to the
stress. Maier’s exper~nts showed that
on circumferentialfatigue strength.

In appendix B, the general criterion in which the permissible ampli-
tude of octahedral shear stress is a linear function of the static stress
is transformed for the stress cycle, which varies from zero to maximum.
If one inserts into the transformed criterion a fairly typical value for
the zero-to-compressionfatigue strength, that is, a value one and one-
half times as great as that for zero-to-tensionfatigue strength, then
it is found that the superimpositionof the circumferential stress on a
longitudinal stress equal to one-hall?the circumferentialresults in a
predicted fatigue strength no different from that found where no longi-
tudinal stress is applied. This can also be seen in figure n(a) where,
if a line were passed parallel to the abscissa through the point of inter-
section of the ellipse with the ordinate

(‘1=0’ ‘2= 28), it would

intersect the ellipse again at
al

=14, U2= 28. Thusj Maier’s data

agree closely with the general criterion.

Maier interpreted his tests to indicate that the maximum-shear
criterion for static failure applied instead of the octahedral, because
the maximum-shear criterion is independent of the intermediate stress
(in this case the longitudinal) and the octahedral criterion is a function
of the intermediate stress. Certainly neither the simple octahedral cri-
terion nor a shple maximm-shear criterion that contains oily one set of
stresses can be applied to a case where static stresses are superimposed
upon the alternating ones, because the criterion must be a function of
both the alternating and static stresses.

Selection of test variables for complex-stress tests.- Attention
should be paid to the selection of the test pammeters for fatigue tests
under combined stresses, so that the results - have as great an appli-
cability as possible for the prediction of behavior.

One choice of parameters wouldbe to fix the ratio of minimumto
msxbnum stress for the alternating principal stresses for each series
of stress combinations. Assuming that the general stress criterion pro-
posed does predict the behavior, its transformation to this set of param-
eters is calculated in the appendix for a given cyclic life and appears
~p~c~tifigure X2(a).

A series of ccmibined-alternating-stresstests couldbe performed
with another selection of parsmters in which the static stress was main-
tained constant for each combination of the series and changed for each
series. These tests would appear as the ellipses shown in figure 12(b).

—
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The two methods for obtaining and presenting the information are
equally good so long as both principal stresses have the same ratio of
minimum to maximum stress; however, if the ratio is different, then the
first plot has noutility. The usefulness of the second method is even
greater because the ellipses are not only lines of constant static stress
but lines of constant sum of the orthogonal static stress components.
Thus, it would be more general to take data by the second method using
the static stress as a parameter, holding it constant for individual
alternating stress combinations and changing it from one series to the
next.

limitations of criterion.- The general criterion proposed is not
useful as a design criterion for cast iron, hypereutectoid steels, or
other metals that also might contain flakelike inclusions or microcracks;
the hpossibility of obtaining detailed information concerning the cracks
and inclusions prevents the application of the general criterion. Gough
and others showed that a maximum-normal-stress criterion is applicable
to the aggregate (see ref. 1).

Also, the axial fatigue strength of cast iron is not a linear func-
tion of the static stress; compressive stress @roves the fatigue
strength more than tensile stress reduces it. The rather complicated “
relation was shown by Ro& and Eichinger (ref. 5).

Discussion of Previously Proposed Criteria for Fatigue Failure

An attempt was made by Bailey (ref. 27) to predict the effects of
combined alternating and static stresses. At that time, 1917, most of
the data presented in the derivation of the general criterion had not
been taken. Bailey decided from examination of Stanton and Batson’s
results (ref. 28) from tests under alternating bending and alternating
torsion that “in the absence of evidence to the contrary, then, the most
reasonable assumption to make in pursuing the object in view is that
under alJ_combinations of bending moment and twisting moment, either
variable or constant in magnitude, the failure of a ductile material is
by shear, uninfluenced by the presence of normal stress on the plane of
failure.”

The statement that failure of a ductile material’is by shear a~ees
with the later data; however, examination of data @_nmnarized in figure 9
shows that the normal component of the static stress did influence the
permissible amplitude of alternating shear stress.

Bailey’s method of analysis might be judged invalid because one of
the basic assumptions, that is, that static normal stresses are of no
influence, has been refuted;however, it deserves close tipection
because, with his analysis, he made the prediction that static torsion



below a certain 13mit would have no effect on alternating bending, which
was substantiatedby Ono!s test results (ref. 20). However, the analysis
when applied to the effect of static torsion on alternating torsion
(ref. 29) did not predict the lrnownresults~resented in figure 6.

Other criteria for failure under conibinedalternating and static
stresses are summarized in reference 30. They are all based upon the
“Soderberg straight line law,” which r(

_ to the absolute value ofstress S

_~(l -p)s

lates the permissible m&imum
the mean stress 1%1 :

‘%LII+ ‘e

Q&2P~ .
YP

where p is defined as the ratio of the reversed fatigue strength Se

to the yield strength ~. ,,

The msximum-riormal-stresscriterion as presented in the present
report consists of inserting each of the three principal stresses into
the Soderberg law to see if the greatest principal
the expression on the right.

For the maximum-shear criteria,
terms of the shear stresses, and the

-s(l-T

the Soderberg
maximum shear

p)Tm* ~

stress is less than

law is rewritten in
stress is ltmited:

In the third criterion, the value of the distortion energies cor-
responding to the ~ stress, mean stress, and the reversed fatigue
strength are inserted into the Soderberg law in place of the respective
stresses.

The Soderberg law expresses the maximum of the stress cycle as a
function of the absolute value of the mean stress; thus, it indicates
that a static compressive stress reduces the permissible range of alter-
nating stress as much as a static tensile stress does. The data pre-
sented in figure 5 show that a static compressive stress improves the
permissible range of alternating stress instead of reducing it. Since
all three of the above criteria, for the case of simple alternating
-al stress superimposedupon a static stress, reduce to the statement
of the Soderberg law, which has been shown not to agree with the

—
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experimental data, their validity is questioned. The criteria do have
utility in very conservativemachine-design practice, but they mask the
behavior present in the fatigue phenomenon.

EXPERIMENTAL CKECK ON PRQPOSED CRITERION

Choice of Experimental Test

In the process of formulating the general stress criterion for
fatigue, test results for various combinations of alternating stresses
were examined and also those for combinations of simple static stresses
with simple alternating stresses. Examination of the test results sum-
marized in figure 9 reveals one notable absence, the effect of static
compressive stress on alternating torsion. Test results were presented
for the effect of static tensile stress on the permissible range of
alternating torsion in figure 8 and were extrapolated into the compres-
sive region; the dotted lines show the anticipated behavior.

It was decided to augnent the existing data and to test the criterion
by an expertiental program. specimens anda stressing system were designed
and manufactured for the testing of two series of specimens, one with
alternating torsion only and the other with static compressive stress
superimposed on the alternating torsion.

Material

The material used for the test was 6061-T6 (6LS-T6) aluminum alloy.
This material was chosen for the test because its ratio of yield strength
to fatigue strength is high; the occurrence of @elding frmn the combi-
nation of the applied torsion and compressive stresses would cmnplicate
the analysis of the results. The nominal properties (ref. 31) of the
material are:

Ultimate tensile strength, psi . . . . . . . . . . . . . . . . 45,00Q
Yield strength, 0.2-percent offset, psi . . . . . . . . . . . . 40,000
Elongation in2in.,percent . . . . . . . . . . . . . . . . ...17
Brinellhardness, 500-kg load, 10-mnball . . . . . . . . . . . . . ~
Shear strength,psi. . . . . . . . . . . . . . . . . . . . . . 30,000

Reversed bend@ fatigue strength . . . . . . 17,000 psi at 107 cycles

The measured hardness was 89, which, when compared with the nominal
value of ~, indicates that the yield strength might also be slightly
less than the nominal.
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Four specimens, approximately 3/4 inch square, were machined from
the width of 1- by h-inch rolled plate.

Specimen

The specimen used to determine the effect ‘ofstatic compressive
stress on alternating torsion is shown in a drawing (fig. 13) and in a
photograph (fig. 14). The test sections are the two cylindrical sur-
faces that sre separated by the short square length in the center. The
alternating twisting moment is applied by the torque lever that clamps
on this center section. The surfaces have a square cross section so that
they can be clsmped to resist the torsional moment. The cross-sectional
area of the test section is less than that of the clamped surfaces so
that failure occurs in the test section and not at a region under the
hii?luenceof the unknown clamping stresses. The device used to apply
the static compressive stress requires that a longitudinal hole be bored
through the specimen.

For the convenience of holding the specimen in a colJ.etchuck during
machining, both ends of the specimen are turned to a diameter of 3/4 inch
for a l/2-inch length.

The square clsmped surfaces were trued by scraping and draw filing;
their accuracy was checked by the transfer of bluing from a surface plate.

The final lathe cut was less than 0.005 inch and made with a sharp
tool. Minnesota Mining and Manufacturing Co. Wetordry No. 24o-, 320-,
400-, and 600-grit polish~ paper was used with water to polish the test
surface. Every specimen was polished circumferentiallyin a lathe and
then longitudinal.lybyhand with each grit. The longitudinal scratches
were removed each time by the next finer paper, so that no scratches
existed on the polished surface coarser than were left by the final
paper, which had No. 600 grit.

Apparatus .

Static compressing device.- The assenibleddevice for applying the
static compressive stress is presented in cross section in figure 15 and
the disassembled components are shown in a photograph (fig. 14). The
stress rod passes through the Belleville spring assembly and the ho120w
specimen. The spring and the specimen are compressed by tightening the
hexagonal nut on the drawscrew. The outer disk is prevented from rotating
during the tightening of the nut by a key that fits into a keyway on the
drawscrew. KU the parts are h.ighl.y’stressed,necessitating the use of
hardened tool steels. The Belleville springs were machined into conical
shape and then hardened before the final grinding to dimension. The .
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dimensions of the springs that are shown in figure 15 were calculated to
give the desired range of compressive forces (ref. 32).

A number of advantages are derived from this application of
Belleville springs because of their nonlinear force-deflection character-
istics. The calibration curve for the spring assembly is given in fig-
ure 16. The calibration was performed by putting the assembled disks
and springs between the compression heads of a Baldwin universal testing
machine and measuring the deflection. The slope of the curve at the
point of operation is very small.;a O.01-inch deflection corresponds
to a change of only 50 pounds at the operating force of 2,720 pounds.
This low slope permits a sufficiently accurate setting of the load with-
out resorting to precise measurements in setting the deflection. If
there shouldbe any yielding of the projecting irregularities on the
contacting surfaces of the end of the specimen or at the threads or any
changes in relative length of the specimen and rod assembly from thermal
or other causes, the low slope insures that only a negligible change in
the load will result. Its nonlinearity and the mechanical simplicity
permits the load to be set by using only a wrench, a scale divided in
sixty-fotihs of an inch, and outside calipers.

A danger inherent in applying an axial compressive load to a speci-
men is that an accidental eccentricity of the load will cause large
undesired bending stresses. Stressing by means of a stress rod passing
through the center hole of the specimen is used to avoid eccentric loading;
the clearance between the rod and the hole bored through the specimen at
the ends is less than 0.003 inch. The ends of the specimen onto which
the load is applied were also machtied within close tolerance to be square
to the axis.

To insure against introducing bending by the clamping of the speci-
men in the fatigue machime and to cancel any bending stresses that might
have been caused by eccentric loading, the clamped and clamping surfaces
were finished straight and in line to within 0.~Q7 inch.

Fatiwe testing machine.- The alternating torsional stress was
applied to the specimen by a house plate-bending fatigue machine modi-
fied to perfomn this partictir test. A photograph of the modified
machine is shown in figure 17 and the parts are identified in a sketch
of the loading linkage (fig. 18). The adjustable crank is fastened to
the shaft of a 1,~0-rpm induction motor. A connecting rod applies the
crank eccentricity to a horizontal torque arm, the other end of which
clamps to the center of the torsion specimen. The vise that grips the
ends of the torsion specimen is seen at the left in the photograph,
behind which canbe seen the disk-shaped Bel.levillesprings usedto apply
the compressive prestress.

At the top of the specimen vise is a screw used to adjust the verti-
cal distance between the specimen and the motor. This distance determines
the static torque that is applied to the specimen.



An arrangement had to be designed to shut off the machine when a
fatigue failure occurred. It was not expected that the specimens would
break in halJ?,so the switch had to be sensitive enough to be actuated
by the formation of a fatigue crack. The torque lever as shown in fig-
ure 18 has considerable elastic deflection in the extreme stress posi-
tion shown. When a crack of sufficient length appears, the torsional
rigidity of the specimen is reduced and the elastic deflection of the
torque arm @ less for the sane eccentric throw. The arm straightens
as illustratedby the dotted line and its lower surface touches a mechan-
ical.contact and trips a microswitch to shut off the motor. A counter
attached to the rear of the motor records the number of cycles to
failure.

Method of Setting Stresses

Static compressive stress.- The static compressing device is
attached to the specimen by sliding the rod of the BelleviKie spring
assembly through the hole of the specimen and then screwing the end nut
onto the rod as shown assembled in figure 15. The assembly is then
placed in a machinist’s vise and gripped on the flats provided for this
puYpose on the end of the drawscrew; thus held, the hexagonal nut on the
drawscrew is tightened by a wrench. The setting was closer than
*o.ol tich, which gives an accuracy in load of +50 pounds in 2,720 pounds
or 1.8 percent.

Torsional stresses.- The fatigue specimen, subjected to static com-
pressive stress by the attached prestressing device, is inserted between
the two halves of the specimen clamp and the eight clamping bolts are
uniformly tightened. The torque arm is then clamped onto the square
center section of the specimen.

The stresses are set by reproducing deflections determined from
dead-weight loadings. A device is attached to the machine during the
setting of the stress to indicate the deflections. The long arm of this
device is attached to the bottom of the specimen clamp by means of a
C clamp as shown in figure 19. A contact screw at the end of the arm is
electrically insulated from the testing machine. The screw can be turned
so ‘thatits conical point contacts the torque arm. An electronic indi-
cator shows when electrical contact is made.

Two adjustments must be made to set the torsional stress: (1) The
vertical position of the vise to fix the static torsional stress, and
(2) the throw of the adjustable crank to fix the alternating stress:

(1) The static torsional stress, which in all these tests was zero,
is set first. With the connecting-rodpin removed and the comecting
rod swung free from the torque arm, the contact screw is set to touch ,.

—
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,

the torque arm. This deflection corresponds to a zero static stress;
if the static torsional stress desired is other than zero, a weight to
give that stress is hung from the torque arm at the connecttig-rod pin.
With the crank set for zero throw, the connecti~,rod is attached to
the torque armby inserting the connecting-rodpin. The height of the
vise is then adjusted so that contact is just made @th the screw. The
vise locking screws are then tightened to hold the setting.

(2) The alternating stress is set next. The connecting-rod pin is
disconnected and swung aside and the weight pan is attached to the torque
arm at the connecting-rodpin. Using the weight corresponding to the
maximum torsional stress of the fatigue cycle, the contact screw is set
to make contact. The weight pan is removed and the connecting rod
attached. The crank throw is adjusted to reproduce the deflection as
determined from the application of dead weight. A locking screw on the
cmnk is tightened to hold this adjustment.

The stresses having been set, the indicator arm and screw are
removed. After the cycle counter is read, the machine is turned on and
the shutoff switch set. me switch is set so that contact is not quite
made between it and the torque arm but so that a few pounds of force
(e.g., the weight of a hand placed orithe center of the torque arm) will
cause enough deflection to trip the switch.

Test Results

The results of the fatigue tests are presented in table 1, and in
figure 20 the amplitude of the alternating torsional stress is plotted
against the logarithm of the number of stress cycles that caused failure.
Two paraUel straight lines nicely fit the two series of fatigue data.
The curves are separated sufficiently so that the scatter for the two

curves does not overlap. At 107 cycles, which is a lifetime commonly
used for comparison, the amplitude of the torsional stress is 13,0~ psi
(probable error, %00 psi) and when the static compressive stress of
21,700 psi was superimposed on the torsional stress, its amplitude was
increased to 15,000 psi.(probable error, *500 psi).

The specimens did not fail by complete rupture but by the formation
of very narrow longitudinal cracks in the test section. A crack of about
1/4 inch in length was sufficient to shut off the machine. The cracks
were so fine that they could scarcely be seen with the naked eye. Some
of the specimens cracked in both test sections. The test on specimen 2
was continued until the crack extended into the fillet at the end of the
test section. In the fillet, the crack branched into a circumferential
crack and also continued longitudindly. Black powder formed by a&ri-
tion of the surface of the crack marked the intersection of the crack with
the bore, thus revealing that the cracks extended through the test section.

—. . . . .——-————_.. .___— _____ ___ --—— ———— __ —_ . _
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Discussion of Test Results

It is interesting that the fatigue cracks formed along planes of
maxhmm alternation of shear stress because the combined-alternating-
stress data cited earlier in the report indicate that it is the alter-
nation of shear stress that causes the failure. However, this observa-
tion of the direction of propagation of the fatigue crack can hardly be
taken as an indication of the fracture mechanism, for other investigators
(refs. 33 and 34) have observed that cracks caused by torsional stresses
often propagate normal to the maximum normal stress. Perhaps it is the
orientation of the flaw from which the crack initiates that determines
the direction of the propagation and the flaws might have acquired a
preferred orientation during the rolling process.

The formation of a longitudinal crack was delayed by a longitudinal
compressive stress, although it has no component on the plane of the
crack. This lends support to the criterion which states that it is the
sum of the orthogonal components of the normal static stress that is
effective, because no direction can be attribtied to the arithmetic sum.

The presence of microscopic residual stresses in the specimen is
qnllkely because the test section of 0.50-inch outside diameter and
0.30-inch inside diameter was machined from the 1- by 4-inch stock. It
is’difficult to imagine residual-stress gradients at the center of the
l-inch thichess so steep that they would not be relieved by the machining.

The experimental results for the effect of static compressive stress
are compared in figure 21 with the curves for the effect of static stress
that have been extrapolated in the way predicted by the general stress
criterion. It is seen that the data agree closely with the predicted
behavior, although the tests under compression were performed on a metal
different from that tested under tension.

Most of the test data examined have been limited to cases in which
the yield strength was not exceeded. The behavior revealed by the test
data may be very different from that predicted by the general criterion
if yielding occurs, as can be seen by the sudden drop of permissible
alternation of stress shown in figures 6 and 7(b), where the yield strength
was exceeded under other combinations of stresses.

MODIFICATION ~ OROWAN THEORY OF FATIGUE

TO INCLUDE EFFECT OF Sl?ATICSTRESS

The experimental information on the effect of static
permissible range of alternating stress is generalized by

stresses on the
the mathematical .
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statement of the criterion. A vaQd theory of fatigue should agree with
this generalization OY the known behavior. Orowan proposed a semiquanti-
tative theory of fatigue in 1939, which will be examined to see whether
the mechanism of failure advanced in it is compatible with the criterion

(ref. 35).4

Orowan’s analysis predicts many aspects of the behavior of metals
under repeated stress; he outlines them as follows:

“(l) The quasi-brittle nature of fatigue fracture. A ‘metal,however
ductile, can break in a fatigue test without any appreciable external
deformation, like a brittle material. A further similarityto brittle
fracture is that fine cracks and other faults, which would not influence
noticeably the static strength of a ductile material, substantially
impair its fatigue endurance.

“(2) Internal distortions. In spite of the possible absence of any
external deformation, heavy local distortions can be observed microscopi-
cally on a material subjected to a fatigue test. The evidence for inter-
nal distortions has been extended by the X-ray work of Gough and his
collaborators,who found that X-ray photographs of fatigue-fractured
metals show, in the immediate neighborhood of the fatigue crack, quali-
tatively and quantitativelythe same alterations as those of metals frac-
ttied in static tests.

“ (3) Existence of safe ranges. The algebraic difference between
the msximum and the midmum stress of the cycle is called the range of
stress. For a fixed mean stress of the cycle, the number of cycles that
the material can withstand increases rapidly with decreasing range of
stress. For applications in engineering it is of the highest importance
that, in most cases, a Mmiting range of stress exists below which the
material will withstand any number of cycles. By plotting the results
of fatigue tests as log S-log N curves a characteristicfact is revealed:
In general, this curve consists-oftwo straight parts, one inclined
(representingthe unsafe ranges) and one practically horizontal (repre-
senting the behavior of the material at the limiting safe range). The
transition between the two straight parts @ more or less rounded off.”

However, the theory predicts that static stress should have no effect
on the permissible range of alternating stress. Although some experimental
evidence, which indicates that the effect of the static stress is very”
small or even negligible, is cited in the paper, the large collection of
experimental evidence presented in earlier sections of the present paper
reveals an appreciable effect of the static stress. Orowan’s analysis

% e effect of mean stress has &beady been considered in another
theory of fatigue presentedby Shanley in reference 36. Experimental
evidence to distinguish which of these two theories more closely describes
the phenanenon is not existent.

— —— _ ______ ___ -. _. -—
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a modifica-

orowan’s theory is based upon the relation between the stress and
the plastic strain existing at microscopic inhomogeneitieswithin the
material . He cites several experiments that show that localized plastic
strain does occur under repeated stresses that are beneath the @eld
strength of the material. A stress that would not cause yielding of
the bulk of the material may cause the stress produced by a microscopic
inhomogeneity to reach the yield stren@h and cause plastic flow, because
of the stress concentrationof the homogeneity. The platiic flow Wts
the stress to that stress at which the flow occurs for the material in
that region. As the stress is repeated, the plastic region .work-hardens
and the stress to cause the yielding must increase. If the ability to
flow is exhausted and if the applied stress and the stress concentration
of the inhomo~eneity are great enough, the stress on the microscopic
region wiKl
the plastic
the rupture
out leading

Orowan
canbeddedin

e~ceed its fiture stre~h and a crack till form. After
deformation stops, the localized stress may not have exceeded
strength and then the stress can be applied repeatedly with-
to failure.

idealizes the action of the
its elastic surroundingsby

+

.
microscopic plastic region
the following model:

*

Sketch 2

The model consists of a plastic element a in series with a spring c, the
assembly being in parallel with the spr~s by ~~ represent the ~~s-
tic surroundings.

lRromthe two considerations
sum of the forces on the plastic
ment and (2) that the elongation
c must equal that of b, a“li.near
the element ep and the stress

This relation is

(1) that the total unit stress is the
element and the ParaJJ.elelastic ele-
of the series element a together with
equation between the plastic strain of
crc acting upon it can be derived.

.
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In which kl and ‘~ are

functional relation can be

constants and a is the applied stress. ‘This

plotted in the following manner:

Sketch 3

The work-hardening curve for the hypothetical plastic element gives
another relation between the stress Uc and the plastic strain

%:

These two relations between the strain and stress for the plastic
element must be satisfied when alternating stresses are applied to the
material. When a periodically reversed, uniaxial stress a is applied
to a specimen, the stress.and strain for the plastic element follow the
work-hardening curve OYF of sketch 5, until halted at point p, the
intersection wfth line BZ which represents the other relation between
the stress and strain. Assuming that stressing in compression causes
the same work-hardening as stressing-intension, the application of the

—— .—— ————. . —— .-.
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reversed stress
over path PP’.

NACATN 3495

causes the stress to rise, and the strain to reverse,
(The ordinate represents the absolute value of the stress

t /T’——___________
z

/i-

P1’
P’

1

Y
\

/1

I
I.
I

I
I
I

/c o - \B
b

G
%

Sketch 5

on the plastic element.) Path PP’ is the strain-hardening curve reflected
about a vertical line passing through P. On the next cycle, the tensile
stress increases and the strain increases until P“ is reached; P’P” is
the se~nt of the strain-hardeningcurve that had been reflected about
the vertical through P and is now again reflected about the vertical
through P’. During subsequent cycles, the stress rises along a zigzag
curve enclosed between the lines of the triangle ZB and ZC, which express
the stress-strainrelation, equation (l). Whatever the shape of the strain-
harde~ curve may be, the zigzag curve cannot rise above the apex of the
triangle, point Z. If the fracture strength of the element is greater than
OZ, then no failure can occur no matter how many cycles of stress are
applied. However, if the amplitude of the applied alternating stress u
is great enough so that OZ exceeds the fracture strength FG, then, after

.,

—— –. ..——



NJVJATN 3495 31

a certain number of repetitions, the stress will exceed the fracture
strength and a fatigue crack will start (sketch 6).

TP

I

(2/ o \B G

Sketch 6

the insertion of any additional information on the v~iationWithout
of any of the parameters with static stress, the theory is shown by Orowan
to predict that static stresses should have no effect on the permissible
range of stress below the elastic l~t. The tests quoted in an earlier
section of the paper, and particularly those of Ro&and Eichinger (ref. 5)
and Smith (ref. 14), show that this is the case when the static stress is
shear bti that static nornialstresses have no appreciable effect.

Orowan’s statement that the limiting safe range depends only on the
strength of the plastic region and on the “stress concentration”factor
should be emphasized. More specifically,the mechanism of fatigue out-
linedby Orowan states that the safe range is determined by the strength
attained by the plastic region in the most severely work hardened condi-
tion that can be obtained by the action of alternating stratis to a
region confined by the elastic surroundings and the nature of the inhomo-
geneity. The question now arises as to what gross static measurement is
most closely associated with this strength property of the plastic ele-
ment of the model.

The ultimate strength, which.is the maximum static load dividedby
the original undeformedcross-sectional area, seems to have little con-
nection with the mechanism because there may be considerable reduction
in cross-sectionalarea before fracture occurs. The “true strength,”
which is defined as load at fracture divided by the actual fractured

————.- --- —-—— ---—-———— --—————. . . . —-—.—— —- —.-. ——---
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area, has more significance;
the complex stress condition

however, the situation is
present across the necked

NACATN 3495

complicated by
section. Bridgman

(ref. 37) removes the complicationby introducing the concept of “final
flow stress,” whichhe defines as the longitudinal normal stress on the
outer surface of “theneck at the time of rupture. From experimental and
mathematical considerations,he obtains the stress-strain conditions
present in the neck that are needed to calculate the flow stress.

The final-flow-stressdescription of the strength property of a
material has more significancethan the others because, in it, considera-
tion has been taken of the actual stresses present at the failure region
in the static test. However, it still is not exactly the “strength of
the plastic region” mentioned in Orowan’s analysis because its work-
hardened state was obtained by a single application of a unidirectional
load and it underwent necking, while the plastic region was subjected to
alternating strains and was confined: A correlationbetween the two
properties seems likely.

Even if the final flow stress was the rupture strength of the platitic
region, computation of the fatigue strength from the final flow stress for
various uterials would not be possible because the nature of the inhomo-
geneity effective in the fatigue failure is not known. However, factors

.>

that cause a variation in the flow stress without affecting the structure
of the materMl should also cause a comparable change in the limiting
safe fatigue strength.

‘&e ultimate strength, true rupture strength, and the final flow
stress are all influencedby hydrostatic pressure in a manner similar to
that in which static normal stresses affect fatigue failure. In table 2
some typical test results for the effect of hydrostatic pressure on the
true strength and the final flow stress are presented. The values called
the “pressure coefficients”5given in the table are the ratios of the
change in true stress correspondingto a change in hydrostatic pressuxe
and of the change in final flow stress correspondingto the change in
hydrostatic pressure. These were obtained by plotting the data, fitting
a straight line to the points, and measuring the slope. The data’have
considemble scatter, but a definite functional relation with the hydro-
static pressure is evident.

The changes in final flow stress correspondingto the changes in
hydrostatic pressure for the steels presented in table 2 are 0.90, 0.90,
0.60, and 0.80, which average 0.80* 0.08. The changes in permissible
stress am@itude correspondingto the applied uniaxial mean stress are
0.22Z 0.24, and 0.25 for Nishihara’s steels (see fig. 5), averaging
0.237 *0.00g; 0.23 for Ro%~s low-carbon steels; and 0.20 for Newmark’s
tests on 2024--T(24-S-T)aluminum.

..
These numbers are values for a, the

%ote that this “pressure coefficient” is different from that tom- .
monly used in the field of high-pressure physics.

— .—
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.

coefficient of the sum of the orthogonal static stress components, which
appears in the proposed stress criterion for fatigue. If the static
stress is expressed in terms of the hydrostatic pressure, the new coeffi-
cient is 3 X’a, thus making the average value for the hydrostatic pressure
coefficient 3 x 0.237 = oo~ +0.03. The value of 0.71 for the presswe
coefficient for fatigue is close to the value of 0.80 for the pressure
coefficient for the final flow stress for a similar material. This may
indicate that the final flow stress (the refined rupture strengbh defined
by Bridgnan) has a close rehtion to the “strength of the plastic region”
appearing in Orowan’s analysis.

Although the comparison was made using hydrostatic stress, it is
riotintended to limit the effect to the action of the hydrostatic (equi-
triaxial) stress state. The flow on the plane on which slip occurs is
affected by the normal stress on that plane and the normal stress can
result frcm the application of either uniaxial, biaxial, or triaxial
static stresses. Bridgman suggested (private correspondence) that this
can be shown by the data in chapter 15 of his book (ref. 37). Here the
effect of a uniaxial compressive stress on ~ torsional strength
is presented. The uniaxial pressure coefficient, the change in mmdmum
shear strength correspondingto the change in compressive stress, is
0.21. (The final flow stress in the torsional test is equal to the maxi-
mum shear stress.) This coefficient 0.21.can be compared directly with
the ~al pressure coefficients for fatigue of 0.22, 0.24, 0.25,
and 0.20 mentioned above. Pressure coefficients cannot be obtained from
the other tests on the effect of a uniaxial compressive stress on torsion
presented in Bridgman’s book because of the uncertainty in the diameter
of the test section caused by the yielding.

The above considerationsmake it reasonable to insert the dependence
of the strength of the plastic region upon the static normal stress into
the Orowan theory. When static compressive stresses are applied during
plastic deformation, the fracture strength of the plastic element repre-
sented by Q? in sketch 6 is increased, thereby raising the fatigue
strength. It is inferred that deformation under tensile stress reduces
GF and thereby the fatigue strength. With this modification, the theory
predicts the experimentally revealed effect that static stress has upon
the permissible amplitude of alternating stress.

University of California,
Los Angeles, Calif., March 24, 1954.

.
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APPENDIX A

4

ANAJXSIS ~ STRESSES AT CRACKS OF V.OUS ORIENTATIONS

An examination will be made of cracks oriented at different angles
under several combinations of stress to find the maximum localized
stresses that occur in each case. The shape of the crack is-assumed to
be a much elongated elliptical hole, because the stresses about this
shape have been solved by Neuber and are presented in a graphical form
in his book (ref. x) and because this shape is a reasonable idealiza-
tion of a flakelike hole. He has solved the case in which the volume
containing the hole is subjected to pure shear (1) and also the case for
tension (2). (The dhensions of the volume are large compared with those
of the hole.)

- 4

(17 Sketch 7 (2) f
t

The general stress state applied to the body containing the hole
can be expressed by shear and normal stresses, which act on planes
enclosing the hole and are oriented parallel and perpendicular to its
axes:

t
$1

“a”
sy

\

o /

Sketch 8

1At the hole, the localized stresses caused by the shear component
can be superimposed on those arising frcnnthe normal component; this
superposition’ispermissible by the theory of elasticity because the
deformations are small.

The shear and normal components Ss and N which act on the “

enclosing planes in the above sketch were found graphically by use of the
Mohr circle (ref. 23) for several different orientations and stress states.
The normal stress parallel to the major axis of the hole was not found

.
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because it makes no appreciable contribution to the stress at the end
of the hole.

.

Figure,22(a) shows the value of the normal stress at the surface of
the hole, parallel to its surface, which results from a tensile stress
applied to the element. Note that the surface stress reaches a max3mfum
at the.end of the hole on the x-axis. The normal stress on the x-tis
is shown on the right as a function of the distance away from the edge
of the hole.

The stresses caused by pure shear applied to the element are shown
in figure 22(b). The normal stress parallel to the surface reaches a
maximum at a point on it that is 45° to the axes. On the right is shown
the maximum shear that acts on the x-axis. However, this is not the
greatest shear stress; it occurs at the same point on the surface where
the normal stress is greatest.

The local stress, which results from the superposition of the local
stresses caused by the app~ed shear and normal stress components, is
great at two points. One point is on the x-tis, a short distance
beneath the surface, where the maximum shear stress caused by the applied
shear stress component adds to the localized normal stress caused by the
applied normal stress component. The other highly stressed point is at
the surface of the hole, near the end of the hole, where the sum of the
localized normal stresses caused by the applied shear and applied normal
stress components reaches a maximum. The local combined shear and nor-
mal stresses for the first point were calculated by means of the Mohr
circle and the ccmibinationwas found to be less than that for the other
point, which is on the surface.

The maximum stresses were found by the following method and are
presented in table 3. The effect of stress state A, identified in the
table, on the crack oriented in position 2 wilJ.be determined as an
example.

.

The stresses caused by al on planes enclosing the hole, parallel

and normal to its axes, were found by means of the Mohr circle. The
normal stress N, which is given in the second column, is equal to
0.85al, and the shear stress Ss, which is in the third column, is equal

to o.35ul. The local stresses caused by the shear components given in

figure 22(a) and those caused by the normal component given in figwre 22(b)
were multiplied by these fractions, 0.85 and 0.35, respectively, and then
added graphically to find the maximum local stress at the notch. The
maximum stress for this case was found to be on a plane whose nomal
makes about a 20° angle with the x-ads, and this maximum sulnwasuu .

1
The shear stress at the surface is equal to one-half the normal stress,
that is, 5.5a~.
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This process was repeated for the five crack orientations and the
three stress states. In all cases, except for orientations 2 and 4 with
stress state C, the greatest value of stress was the ssme (llal for the
normal and~.5u1 for the shear). For the one exception, in which the

transverse and longitudinal stress were equal in magnitude, the maximum
stresses were slightly higher (normal stress eqyal to 13a1 and the shear

stress eqyilto 6.5~1).

Thus, it is seen that the maxhnm of the localized stresses at the
elongated holes is determined by the greater in magnitude of the applied
principal stresses and is but slightly influenced by the secondary stress.

,

.

..—
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TRANSFORMATION OF

MAXIMUM AND

The transformation of the
and minhum stress ratio is as

APPENDIX B

GENERAL CRITERION INTO TERMS OF

MINIMUM SIRESS R&I’10

general criterion into terms of maximum
follows:

‘rein

Sketch 9

Comonly, the stress cycle is described by R:

The W range

and the mean stress

(3

s

is given by

%lax - ati

2

-(l - R)

2

*+U*

2

o&(l + R)

2

2 ~l+R——
1 -R 2

l+Ra
1 -R

‘static)

— . . .. . . .. . .—~—c ——— — ————. ,,, .——= .———. ....—
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are

Define

=l+Rm
1 -R

The normal form of the general criterion is as follows, where U’S
the amplitudes of the alternating principal normal stresses:

;(U,- .,)2+(.’ - u,)’+(u,- .~=A - a(sx + ~ + Sz)

At the surface U3 . 0 so that

+7=x=3

Now

where

=A-a(Sx+~+Sz)

s =mu

~_l+R——
1 -R

and

2
‘1 - alu’ + a’2 ‘% - ‘F1 + “’)12

=~-q.,+.2]’
where

——
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Reduced to standard form for conic sections,

Aul*
2

+ BCr1U2+ Ccr2 +DU1+EU2+F=0

where

A=C=l

~2
F=

()

b%2
21-—

2

For the stress cycle where
‘1 = ‘x’ ‘* =%, and a5=Sz, m is

unity. ‘

.
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Specimen

1

2

3

4

5

6

7

8

9

10

11

12

13

TABLE 1

TESr REsm2rs

[Inside diam., 0.298 in.]

Outside
diam.>
in.

0.4974

.4985

.4980

.4983

.4967

.4961

.4954

.4975

.4544

Destroyed

.4975

.4s166

.4965

Weight at
20-in. lever arm,

lb

17

15

19

19 (compressed)

17 (ccmrpressed)

15 (compressed)

16 (compressed)

14

18 (compressed)

----------------

l% (compressed)

“16

~~

Cycles to failure

2,C82,000

4,354,000

390,000

1,(%6,000

4,241,000

15,436,000

7,038,cx30

14,552,0CX)

2,103,000

----------

8,756,0m

2,190,000

4,813,000

.— —

.
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TABLE 2

EFFl?SXOF HYDROSIWIIK!PRESSURE ON TRUE RUPTURE YIRENQTH

[Data from ref. 37]

True strength Final flow stress

1-0 steel,a as received

Applied pressure, psi:
Atmospheric . . . . . . . . 169 146
40 X 1030 . . . . . . . . 219 164
140 . ● ● . . . . . . 385 284

Pressure coefficient . . . . 1.60 o.~

2-O steel,b as received

Applied pressure, psi:
Atmospheric . . . . . . . . 191 169

54 X 103 . . . . . . . . . 250 204
117 . . . . . . . . . 314 236
188 . . . . . . . . . 470 340

Pressure coefficient . . . . 1.50 0.90

2-1 steel,b normalizedat 1,650° Ffor l/2hr

Applied pressure, psi:
Atmospheric . . . . . . . . 197 166

g;xld . . . . . . . . . --256 204
320 247

168 :: : : : ::: : 256
Pressure coefficient . . . . 1.50 0.60

2-2 steel,b annealed, fine-grained, at 1,5000 F for 1/2 hr

Applied pressure, psi:
Atmospheric . . . . . . . . 174 150
58 x 103 . . . . . . . . . 170
201 ?2 314

Pressure coefficient . . . . 1.30 0.80

aCairposition: 0.34 carbon, O.~ moly~enum, 0.017 phosphorus,
0.033 sulfur, and 0.18 silicon.

bComposition: 0.45 carbon, 0.83 molybdenum, 0.016 phosphorus,
0.035 sulfur, and 0.19 silicon.

,
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